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5(b). The One- Dimensional Dirac Delta Function

The one dimensional Dirac delta function, 5(x), can be !

pictured as an infinitely high, infinitesimally narrow S(X)
"spike," with area 1 (as shown in figure). - Areal
That is to say:

59~

0 if x%0
o, if x=0

<y

and .[5(X)dX =1

If f(x) is some “ordinary” function then the product f(x)o(x) is zero everywhere

except at x =0. It follows that

f(x)s(x) = f(0)(x)

Of course, we can shift the spike from x=0.to some other point, x=a:

5(x—a)={:}” :: iij} with Zs(x-a)dle ‘kg(x_a)
also
f(x)o(x—a)= f(a)s(x-a) , Areal
and

X<y

[ #66(x—a)ex = f(a) a

—00
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Example: Show that

ﬁ5(x),

where k is any (nonzero constant). (In particular 5 (-x) =& (x).)

5(kx) =

Solution: For an arbitrary test function f (x), consider the integral I f(x)5 (kx )x .

—00

Changing variables, we lety =kx, so that x=y/kx, and dx:%dy. If k is positive, the

integration still runs from —oo to+co, but if k is negative, then x = impliesy = —o
and vice versa, so the order of limit is reversed. Restoring the “proper" order costs a

minus sign. Thus

[ +(x)5(iodix = = [ f(y/k)é(y)d?y S J_r% o) =

—00

£(0)

(The lower signs apply when k.is negative, and we account for this neatly by putting

i

absolute value bars around the final k, as indicated.) Under the integral sign, then, & (kx)

serves the same purpose as (L/]k|)5(x)

00

Tf(x)a(kx)d j )L q }dx = & (kx) = (1/]k]) 5 (x
Example: Evaluate the integral | =Ix35 X — 2)dx
0

Solution: Answer would be 0, because the spike would then be outside the domain of

integration.

3
Example: Evaluate the integral | :Ix35(x—2)dx
0

Solution:

The delta function picks out the value of x* at the point x =2 so the integral is 2° =8.
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Example: Show that

= 3—):2(5(x)) =%(%5(x)j =%[—@j = —(5(x);—3+%3—X§(x)j

:;_;(5(X))=_(5(X);_;L+%[-T(X)B=25)E2X)
Similarly(;j—);(é(x)) = —6%3)(). Thus j—);](é(x)) =(-1)" nlgij()
Example: Let 0(x) be the step function:
1 if x>0

Q(X):{o, if x<0
Show that z—i:E(x).
Solution:
Zf(x)z—fdx= f(x)0( )‘ww—ij—ie(x)dx: f (o) [ S k=1 ()~ [ £ ()~ £ (0)]
:zf(x)i—idx= f(O)zzf(x)5(x)dx =20 =5(x)

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016

Phone: 011-26865455/+91-9871145498
Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com



http://www.physicsbyfiziks.com
mailto:fiziks.physics@gmail.com

